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Using a new app roximate method, transient co urse o f th e local and mean difl'usion fluxes fol
lowing a step concentration change on the wa ll has been obtained for a broad class of steady 
flo w problems, 

In\es ti ga tion of the transient co urse of diffusion fluxes into the flow past a solid body following 
a step concentration change on the wa ll of thi s body ha s some interesting applications in the 
electroch~mical determination of diffus ivities 1 and ,in the modelling of heat and mass transfer 
processes-, Wllhll1 the framework of the slmpllficallons typICal for the theory of the concentra
tion boundary layer2, the theo ry of transient processes is represented by a linear boundary 
va lue problem of the parabolic type, Nevertheless, exact solution s of this problem has been known 
for on ly two specia l transport configurations: for the transport active surface in the front critical 
region of the fl ow t (the so ca lled configurat ion with the uniformly accessible surface) and for the 
transport act ive semiinfinite plane which is part of the infini te plane passed in parallel by the flow 3 

(the so called Leveque confi~urat i on). Only incomplete so lutions have been known for a number 
of o ther problems when the velocity field in the vicinity of the body is given as a solut ion of the 
rheojynamic boundary layer45 These incomplete solutions were obtained by a semiempirica l 
matching of the asymptot ic expansion s in the real demain or in the complex plane of the Laplace 
domain6 - 9 . These methods a priori presume continuous differentiability of the field of con 
centra tion in the whole stu died time and space domain , a cond ition which need n o t be always 
fu ifilled10 , l t. 

In the present paper it is shown that a suitable sim ilarity transform unites the majo
rity of so far investigated and seemingly diverse problems to a common problem 
wit h a single parameter. This one-parameter family of problems is solved approxi
mately by a method providing closed form analytical representation of the transient 
course of local diffusion fluxes in the vicinity of the wall. A comparison with existing 
exact solutions indicates that the obtained analytical approximation is sufficiently 
accurate and closely characterizes even the expected singularities of the exact solu
tion of the equations of unsteady concentration boundary layer. 
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2752 Wein, Kovalevskaya : 

The Concentration Boundary Layer 

Simplified theories of convective diffusion in media with constant transport para
meters, which are usually globally referred to as "the theory of the concentration 
boundary layer", rest on the following assumptions: a) Introduction of the local 
Cartesian coordinates (x, y) (Fig. 1) and corresponding Cartesian velocity compo
nents vX'Vy is associated with neglecting the longitudinal curvature of the surface 
passed by the flow. This simplification is justified only provided the thickness of the 
boundary layer is sufficiently small compared to the curvature of the surface. b) The 
velocity field of the components vx(x, y), vy(x, y) is represented approximately by a li
near profile of longitudinal velocity Vx = y(x) . y, where y(x) is the gradient of longi
tudinal velocity in the given point , x, of the surface. From here the assumption 
of liquid ad herring to the wall (no slip) and the equation of continuity for planar 
(i = 0) or axially symmetric (i = 1) flows leads to corresponding quadratic profi le 
of normal velocities Vy = - r- i(l·iy) ' z2 /2, where r(x) designates the distance of the 
point on the surface from the symmetry axis and where the prime designates the deri
vative with respect to the coordina te x. The justification of this simplification res ts 
again on the assumption of sufficiently thin concentration boundary layer. c) Longi
tudinal diffusion, represented in the full equations of the convective diffusion by the 
term Da~xc, is neglected . A consequence of this simplification , which is actually 
never justified in the whole studied region, is the significant simplification of the 
problem to a parabolic boundary value problem. On implementing all these assump
tions the problem takes the final form 

(1) 

FIG. 1 

Local Cartesian coordinates in the theory 
of the boundary layer 
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Theory of Unsteady Concentration Boundary Layer 2753 

with the boundary conditions for C(I , z, x) , ( ~ 0, y ~ 0, x > 0: 

C = Co for I = ° or y ....... 00 (2a) 

C = 0 for (> ° and y = 0 , (2b) 

A detailed analysis of the conditions of uniqueness of the problem 13 . 11 points at the 
necessity of yet another condition ensuring uniform convergence of the solution 
to the steady state asymptote for I ....... 00 . One of the possible a lternatives of such 
a condition is 

(3) 

The most significant directly measurable characteri stics of the transport process are 
time dependences of the local, l, and mean, J, diffusion fluxes towards the transport 
active section, 0 < x < L, of the surface. For a known concentration field c(t, y, x) 
these fluxes may be expressed as follows : 

J(L, t) = f: lex, t) ri(x) d x I f>tx) dx . 

Upon introducing the normalized concentration field 

where 

C(T, Z, ~) = c(t, y, x)Jco , 

x(x) = (l·i( X) y(X)j2)1/2 C I/J(X), 

~(x) = I(r3i(s) Y(S)jS)1 /2 ds 

it is possible, with the assumption of "local similarity" 

(4) 

(5) 

(6) 

(7a,b) 

(7c) 

(7d) 

(S) 

to transform the three-dimensional problem in Eqs (1), (2a,b), (3) into a two-dimen

sional one: 

(9) 
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2754 Wein, Kovalevskaya : 

C = 1, (T = 0 or Z ~ w) (iDa) 

C = 0, (T > 0 and Z = 0) (lOb) 

T3
/

2 U~TC ~ 0, (T~ w). (IOc) 

The only shape parameter of the considered class of problems is Jc = ),( ~) 

Jc = _ 3 dIn x{x) = _ ~ a In T(x, t) 
d In ~ (x) 2 a In ~ (x) 

(11) 

A detailed analysis shows that the a ssumption (8) is identically fulfilled only if a~A. = 
= 0, i.e. A. = const. This condition can be met only for the power-law type functions 
y(x). For axially symmetric problems the conditions are even more stringent, calling, 
in addition, for a power-law type course of the function I'(x). Generally expressed: 

(I2a ,b) 

Substitution of Eqs (I2a,b) into Eqs (7a,b) and (11) leads to an explicit expression 
for the shape parameter 

A. = 2(1 - q)/(2 + q + 3ip) . (13) 

Table I gives a survey of the planar and axially symmetric flows leading to the general 
similarity formulation of the transient problem. Apart from the familiar situations 
with corresponding values A. = 0,1,2 the table gives also the situations corresponding 
to the flow of a non-Newtonian liquid of the flow index 11 E (0; I ) past solid bodies 
under the rheodynamic regime of the laminar boundary layer4

, 5 , 8 , 

Local and Mean Diffusion Fluxes 

In the general case, i,e. for the convective configurations not admitting global similar
ity representation, only the following asymtotic solutions for the initial and the steady 
state peliod of the transient process have been known. 

Steady state asymptote2 is represented by the boundary value problem for C = 

= Coo(Z): 

(14) 

C = 1 for Z = 0 , (I5a) 

C ~ 0 for Z ~ 00 , (Jjb) 
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Its solution 

Cu,(z) = f3 f : exp ( - ~ .l /9) cI ~ , 

f3 = 1/ f:exp(-CI9)d ~ = 31 fJ j r(l j3) == 0'538366, 

leads to the following explicit expression of the local steady state fluxe s : 

Corresponding mean fluxes, according to Eq. (5), may be expressed as 

where 

TABLE I 

Review ofth~ similarity flow configurations 

Configuration 

Uniformly accesible configuration 
(flow in the front critical region) 

Leveque configuration 
(simple shear flow) 

Blasius configuration 
(Newtonian flow past a slab) 

Levich configuration 
(Newtonian flow past a rotating di sc) 

Flow of power-law liquid past an immobile wedge {/, 
see ref. 4 , m ;;; 1 

Flow of power-law liquid past a Geiss rotating body", 

see ref. 5, 0 < 111 < 00 

Flow of power-law liquid past an immobile cone ", 
see ref8 , m ;;; 1 

ip 

() 

() 

2755 

( 16) 

(17) 

(i8) 

(19) 

o 

a The kinematics is given by the solution of equations of the laminar boundary layer4
, s. 8 for 

a power-law liquid of the flow index 0 < 11 ~ 1; 111 is a geometrical parameter. 
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2756 Wein, Kovalevskaya : 

The initial asymptote2 is represented by the boundary value problem for C = 
= Co(T, Z) 

(20) 

C -> I for T -> 0 or Z -> r:JJ (21 a) 

C -> 0 for T > 0 and Z ~ 0 . (21 b) 

Its solution 

(22) 

leads to the following explicit expression of the local instantaneous fluxes: 

As the local instantaneous fluxes for t ~ 0 are independent of the geometrical 
coordinate x, we have also 

(24) 

For the globally similar transient problems (A = const) one can express, wit,h 
a suitable normalization , both the local and instantaneous flows as functions of a 
single argument , T. For local flows according to Eq. (6), (16) (17) we have 

J(X, t)!J a,(x) = N*(T) 

N*(T) = rr 1 8zC(T, Z)lz=o • 

(25) 

(26) 

For the mean fluxes one can utilize the proportionalities x ~ C A/3 , T ~ ~-2)./3 (see 
Eq. (11)) and arrive at the following expression 

(27) 

where 

(28) 

It is easily verified that for T -> 00 , or TL ~ 00 we have N * ~ 1 or N L ~ 1. For 
a comparison of the fOlm of the normalized transient characteristics for different 
values of the parameters A it is convenient to normalize the time variable in such 
a manner as to obtained a common asymptotic course of the transient characteristics 
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also for T -> 0 and TL -> O. For the description of the course of the local or the mean 
fluxes we therefore chose the newly normalized time variables: 

(2911 , b) 

With this choice the initial and steady state asymptotes of the transient characteristics 

(3011,b) 

intersect at the points (N, e) = (1 , 1) or (N, e) = (1,1), for now we have, a part 
from N(e -> 00) -> 1, N(e -> 00) -> 1 al so N(e -> 0) -> e - 1/2 and N(e -> 0)-> 
-> e-1/2

• In the following we shall be concerned with the solution of the given alter
native of the problem in terms of the function N( e), N( e). With the known course 
N( e) one can determine N( e) with the aid of 

- el / ~ N(s)s - I - I/ ~ ds, 1 f "" 
X 0 

N(e) = N(e), X = 0 (31) 

(32) 

following from Eqs (27), (28) and (29a ,b). 

Approximate Similarity Solution 

Current methods of approximate solution of the transient problems of the theory 
of the transport boundary layer l2

•
13 may be modified so that the resulting approxima

tion lex, t) have the asymptotes t -> 0 and t -> 00 identical with the exact solution. 
We shall show that for this purpose it suffices to superimpose the concentration 

field in the approximate similarity form 

C(T, Z) = F(( )(F( oo ), (= aCT) Z, (33a,b) 

where the function 

(34) 

is an integral of the differential equation F" + 1-(2 F' = 0 of the corresponding 
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2758 Wein , Kovalevskaya : 

steady state boundary value problem, ~ = Z. Corresponding concentration gradient 
on the wall, according to Eq. (33a ,b), is clearly given by the relation ozCl z=o = 

= pa(T) and in the approximation considered we thus have 

(35) 

as F'(O) = 1 and IjF( co) = p. The requirement of the exact course of the asymptotes 
according to the approximate solution may thus be expressed by the rel a tionship 

a(T) ~ 1 for T~ co (36(/) 

(36b) 

The overall course of a(T) shall be determined by the method of weighted resi
duals requiring that for each T> 0 the following equality be satisfied, 

o = f~ L[C] <fJ(Z, T) dZ , (37) 

where L[ C] is given by Eq. (9) and <fJ(Z, T) is an arbitrary weighting function. With 
the choice ¢(Z, T) = t{!(a(T) Z) Eq . (37) reduces to an ordinary differential equation 

(38) 

with an arbitrary constant: 

(39) 

There exist infinite many weighting functions t{!( ~ ) which ensure the value 

(40) 

and thus also the asymptotic course of a(T) according to Eq. (36b). One of these 
function t{!(~) is, for instance, very close to F'(~). 

With the choice b = p2 rr we have dead)' bT = p2 rr T = 8 and the similarity 
approximation of the sought function N( 8) = a(T) is, according to Eqs (38), (40) the 
integral of the following differential equation 

2 dN/d8 = -N(N 3 
- l) /(N - ).8). (41) 
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The regular integral of the differential equation (41) with the asymptotic condition 
N -> Cf) for 0 -> 0 may be expressed by the quadrature!3: 

(420) 

The second of the asymptotic conditions, N -> 1 for 0 -> Cf), satisfies the singular 

solution of the differential equation (41): 

N = I. (42b) 

In the examples given in Table I as physically relevant appears the region of the 
parameters ), delimited by - 2 < J. ;;:; 4. For an arbitrary A from the region thers 

follows from Eq. (42a) a common asymptotic representation for 0 ~ 1: 

N(O) ~ 0 - 1
/
2 + (1 /5) (I - I.) 0 - (3/200)(1 - J.)(1 - 6A) OS

/
2 + 

+ (3/4400)(1 - },)(I - 3Ii.)(4 - 3}.) 0 4 

applicable with an accuracy better than 0·2% for N > 1·25. 

(43) 

From the original differential equation (41) it is apparent that for ), > 0 one can 

expect singularity of the solution in the point N = ),0. From the properties of the 

integral (420) there follows that this singularity exi sts in the point (No, 00)' where 

(44) 

elearlyNo = 1 forO < j , < 1. For I. > I,No > 1 isa rootof 

(45) 

where O(N) designated the regular branch of the solution according to Eq. (42a). 
For 0 < 0 0 , N(O) is given by the regular branch of Eq . (42a) and for 0 > 0 0 

we have, according to Eq. (42b), N = I. For 0 < ). < 1 thus the function N(O) 
varies at the point 0 = 0 0 continuously, while for J. > 1, there is a jump at this 

point from a value No > 1 to N = 1. Now it is apparent the existence of there 
regions of values of the parameter J., ), < 0, 0 < }, < 1 and A > 1, where the solu

tion N( 0) possesses qualitatively different properties. To these solutions correspond 
also different types of representation convenient for practical calculations. . 

Case I, ). < O. The function N( 0) is given on the interval 0 E (0; Cf) ) by the regular 
branch ofEq. (42a). For 0 -> Cf) there is applicable the power-law type asymptote 
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2760 Wein, Kovalevskaya: 

where 

I n the limiting case A = 0, N( e) may be expressed in the closed form 1 2.13 as 

or , with sufficient accuracy better than ±0'1%, by the pa ir of the asymptotic repre
sentation s 

N(e) ~ , {
e - 1/ 2 + 0'2e - 0'015e 5/2 

1 + e!(1 - e), 

where e = 31/2 exp (-n!(2.3 1/ 2
)) exp (-1·5e). 

e ~ 1 

o ~ 1 

The functions N( e) and N( e) are identical in the case A = 0 . 

(49a,b) 

Case II, 0 < A < I . The functi o n N( e) is continuous and continuously differen
tiable, while N( e) = 1 for e ~ I !L For e -> (1 !A)- one can find an asymptotic 
expression similar to that in Eq. (46) 

N(e) ~ (t - ((;'-1 _ e)!k)3 /(2 W1
/3. (50) 

For the limiting case A = 1, N( e) is given by the relations 

N(e) = ' { 
e- I/z . e < 1 

1 ; e > t 
(51a ,b) 

with, according to Eq. (31), corresponding continuously differentiable course of the 
mean fluxes 

_( _) { e -1 11 + /7 e; e < t 
N e = 

1; e > t . 
(52a,b) 

Case Ill, A > 1. For A > 1 the regular branch e(N) bas, according to Eq. (42 a), 
a maximum at the point (No, eo) while No = }.eo > 1. In the special case of A = 2 
we have eo = 0·54420. In these cases the solution of the problem, N( e), consists 
of the alread} mentioned regular branch for e < eo and a singular branch N = 1 
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fo r e < eo. A transition from one bra nch to a nother occurs as a jump with an asy mp

totic course 

(53) 

for e -> (e o) _' 

Typical courses o f the functi o n N(e) and their asymptotic representati ons are 

shown in Fig. 2. For practical purposes mor e relcvant ar e usua lly the data o n the 

transient development of the mean flu xes, N = N(e), where e = (1 + Aj2f e. 
For A < 0 the function 1V( e) exhibit s a singular branch N = 1 in the region e < 
<(1 + },j2)2 eo For the regular branches 1V(e) o ne ca n detcrmine by evaluating 

the fo llowing pair of integrals 

r N + el li· I: e -tli(n)dn ; -2 <). < 0 

1V = ·l (54a,b) l N - el l) [(No - I ) e; t/l. - I:"e- II/( Il) dllJ; }, < 0 

following from the definitions (31) and (32). 

2· 5 r-----r-- ---,-----, 

N 

20 

FIG. 

Local flu x. Asymptotix approximations ac
cording to Eqs (43), (46), (50) and (53) are 
shown by dotted lines (for N -> No) or broken 
lines (for N -+ 00 ). 1 ). = -0'5, 2 i. = 0, 
3 ;.=0'5, 4 ). = 1, 5 ).=2 
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For typical values of the parameteI }" the functions R( e) are shown in Fig. 3. 
It is apparent that the courses R( e) do not depend markedly on the parameter } .. 

Maximum deviations do not exceed 1- 3% and are restricted to the region 1 < e < 
< 2. 

DISCUSSION 

The obtained approximations of the local and mean transient characteristics may 
deviate from the exact solution of the complete equations of convective diffusion 

due to the neglected longitudinal diffusion, linear approximation of the velocity 

profiles or due to the deviations of the applied technique of approximation of the 
solution of the equations of the concentration boundary layer. The effect oflongitudi

nal difTuslOn IS the strongest in the steady state when the concentration boundary 

layer has maximum thickness. From the known solutions of the steady state mass 
or heat transfer at high values of the Prandtl or the Peclet number, however, it is 
apparent that these errors do not exceed 1% of the value of the Sherwood number!4 ,!5. 

For the same reason (small thickness of the concentration boundary layer at high 
values of the Pr and Pe) the efl'ect of the nonlinearity of the velocity profiles is also 

negligible. The errors due to the applied technique of approximation, utilizing the 
similarity technique, can be tested by compa! ing the known exact solutions of the 

concentration boundary layer for the configuration of the front critical region!, 
A = 0 and for the Leveque configuration 3

,l1,), = 1. 

The exact and approximate courses of the functions R(e), N( e) are depicted 
in Fig. 4. Tn the limiting case l = 0 the maximum deviation occurs in the close neigh

bourhood of the point e = 1, where it amounts to 1·5~~, while elsewhere it is negli

gible. For the case ). = 1 two different exact solutions of the same problem 3
•
11 are 

FIG. 4 

Comparison of exact and approximate solu
tions. Solid lines show exact solutions known 
from literature! ,3 , broken lines show their 
similarity approximations. 1 Mean flux for 
), = I, 2 local for ), = 1, 3 mean and local 
flux for )" = 0 
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known . Maximum deviation s between these solutions amount to about 2% for N( e) 
and 0'3% for N( e). The " approximate so lution s" according to Eqs (51 a,b) and 
(52a,b) are identical with one of the exact solutions. It may be therefore expected 
that the found approximate courses N(e), N(e) are very close to the exact solutions 

of the complete problem in the whole ra nge of parameters considered A. E:: ( - 1; 2) 
under common condition s of forced convection , i.e. at high values of PI" and Pe. 
The effect of longitudinal diffusion and the real velocity profiles may be incorporated , 
while preserving the obtained approximations N(e), N(e), simply by replacing 

the steady state values J ", (x) , according to Eq. (I 7) by the values determined from the 
exact so lution. 

A number of attempts to find exact so lution of the equations of the concentration 
boundary layer make use of the methods o f the operator calculus6

-
9

. While for the 

case 1 ..... 0 one can find without undue difficulty an applicable asymptotic expansion, 
constructions o f the other bra nch of the so lution for t ..... 0) encounter always 

seriou s difficulties. Superimposed functional series do not ensure convergence 
and contain fr ee parameters to be determined from the initial conditions, e.g. by match

ing the expan sions for t ..... 0 and I ..... r:f) in the region of intermediate values of t . 

Methods of this type presume that the sought solution IS firstly analytical in the whole 
studied region of I and, secondly, approach the steady sta te asymptote exponentially. 

According to our approximate solution such a situation occurs in only one case A. = O. 
For )' < 0 the solution is continuously differentiable, but for t ..... 0) approaches the 

steady state power-law asymptote (see Eq . (46)). For ), > 0 the continuous approxi
mate so lution consists of two continuou sly differentiable branches one of which 

is identical with the steady state asymptote. Local steadying of the process thu s 
occurs within a finite time. For J. = 1 the same character exhibits one of the known 

exact so lutions 11 . However, also the second exact solutions 3 exhibits extremely fast 

trai1sition to the steady state asymptote, for the " decay term" !l. is not exponential , 
!l. ~ exp ( - aT), but instead , of the type !l. ~ exp ( - aT3

). The justification of the 

R l Coo V 
"tJ ~-- -~---...., i 

I I '-t:, 

t 
C~//B 

cD 

0 /'" "tJ 
"tJ 

./ P 
/ 3iI 

I W "tJ 
0 
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FIG. 5 

Scheme of spreading of the concentration 
signal. 0 Origin. W wall. B boundary of the 
steady state concentra tion boundary layer. 
P point within the bounda ry layer; do. 
d",. d~, dB' dw spread of the signal by dif
fu sion; coc; . cB spread of the signal by con
vection; cB combined spread of the signal 
toward the limits of the boundary layer 
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methods of so lution in refs6 
- 9 thu s a ppears suspect excepting the case 7 of J. = O. 

In error is pro bably the assumption of the convergence of the superimposed functional 
series6

, a lready in the t rivial case t = C/) , in the expression for the steady state value 
of the diffusion flux . 

The fact that the exact so lution of the tra nsient pro blems o f the concentra ti on 
bounda ry layer may possess also a singular character, with the transition to the 
steady sta te r eg ime within a finite time 10

•
11

, seems to have a simple physica l explana
tion. While the diffu sion term s in the equ ation of convective diffu sion represent 
an infinite fas t spread of the concentration signa l in the appropriate directi o n, 
the convective terms represent the spread of the signa l by the finite velocity of the 
now. The equations of the concentration boundary layer, ignoring the longitudina l 
diffusion, imply o nly infinitely fast spreading of the concentrati on signal o nly in the 
direct ion perpendicular to the passed surface, see F ig. 5. In the longitudina l direc ti on 
the signal spread s only by loca l velocity of the flow. 

Let us now consider the process of steadying the regime in a given point P as 
a r espon se to the signal fr om the surrounding. At the time t = 0 part of the surface 
of the wall , 0 < x < L , changes in a stepwise manner the concentration, while the 
front part of the surface x < 0 ma intain s it s original concentration conditions. 
An "Observer" at the po int P notices these changes instantaneously starting from 
the point Won the wall, while the signals from the surroundings do not indicate 
any cha nge. He reacts as if there was only a concentration cha nge on the whole 
surface a nd not only the part x > O. The complete model of such a proce, s is the 
penetration asympto te according to Eqs (20)-(22) . Because the concentrati on 
changes toward the steady state regime take place under such conditions very ra, 
pidly, the local steady state value of the concentration at the point P may be rea li zed 
in a finite time corresponding to the minimum time tha t the convective signal takes 
to travel the di stance from the point 0 to the point P along the trajectory fa lling 
to ta lly into or o n the limits of the concentration boundary layer. This qualitat ive 
concept agrees very well with the computed a nd experimental t ime for reaching the 
steady state . For X = lone of the existing solutions 3 on the one hand predicts 
infinite time to reach the steady state, but , on the other hand, with insignificant 
deviations from the steady state value (Fig. 4). This is given by the fact that the 
equation of the concentration boundary layer with the linear velocity profile admit 
infinite velocity, Vx -7 C/) , a t the infinite di stance from the surface, y -7 C/) . A certain 
residual convective signal thus spreads with infinite velocity but a n infinite decay 
of intensity. 

The phenomena for y -7 C/) fr om which the concept of the concentration boundary 
layer seemingly totally abstracts, thus do have a certain effect on the fOlm of the 
transient characteristics. In the region y -7 00 the effect of the neglected longitudina l 
diffusion is, of course, domina nt a nd must therefore, according to the presented 
qualitative ideas , exercise a major effect on the shape of the transition characteristics 
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Theory of Un steady Concentration Boundary Layer 2765 

in the region of intermediate times and on the character of the concentration field. 
Nevertheless, from the practical point of view the resulting difference shall be in
significant as suggests the surprisingly good agreement of the two exact solutions 
of the equations of the concentration boundary layer for the ca se }, = 1. 

LIST OF SYMBOLS 

concent ration of tran sport active co mponent 
Co concentra tion in bu lk liquid 
C normalized concen trati on fie ld 
f) difTu sion coefficient 

index of the planar (i ~. 0) o r ax ial (i ' I) ~y Jl1m e t r y 

J loca l diffu sional flu x 
J Of steady sta te value of J 
] diffu sional flux ave raged over the transpo rt a(; ti vc part ~u rfa(;c 

J ,t. steady state value of J 
k constant defined in Eq . (47) 
r length of transport active part of surface 
L differential operator 
.Y. 7iJ normalized diffw,ional fluxe s 

flow index 
I'. q parameters of velocity field 
r ex ) profile of axially symmetric bod y 

time 
T. TI. time-space simi larity variables 
/" , .l·y components of the velocity fi e ld 
x. J' local Cartesian coordinates 

Z spa tial similarity variabl e 
fJ numerical constant (Eq. (16» 

velocity gradient on the surface of the bod y 
e. t) renormalized time-space similarity variables 
%, % paramete rs of similarit y tran sforma tion 

shape parameter 
modified longitudinal coo rdinate 
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